Introduction
In the previous papers [1] , [2] we considered the eigenproblem for the Poisson equation with homogeneous Dirichlet or Neumann conditions on the equilateral triangle, both in the continuous and the discrete case. We mentioned there the possibility of the construction of a fast direct solver for the solution of some boundary value problems. The principle was to extend the triangle with angles / 2, / 3, / 6 and a function given on it by symmetrization (for the Neumann boundary condition) and skew symmetrization (for the Dirichlet boundary condition) onto a rectangle. One then uses a fast direct solver on the rectangle and restricts the solution to the original domain.
In the present paper, we consider possible generalizations of this approach to 2 and 3 dimensions and its limitations. In 2 dimensions we find all polygons having the property of covering a rectangle. In 3 dimensions we restrict ourselves to looking for tetrahedra that cover a rectangular parallelepiped. For these domains we show the construction of the fast direct solver and find the eigenfunctions and eigenvalues. We consider only homogeneous boundary conditions and in the sequel all boundary conditions are homogeneous without repeating it each time. The cases of nonhomogeneous boundary conditions are usually solved with a suitably constructed particular solution.
Basic definitions
We study problems in 2 and 3 dimensions, these preliminaries being common for both the cases. The term polytope will mean a polygon or a polyhedron, the face of a polytope will be a side for a polygon or a face for a polyhedron. Moreover, we consider as faces of lower dimensions also a vertex in 2 dimensions and an edge or vertex in 3 dimensions. When speaking of a face we understand a face of dimension d − 1.
The term movement in d will mean a transformation T given by the formula T x = Ax+b, where x ∈ d , A is an orthogonal matrix with det A = 1 and b a vector. By a movement with reflection we denote a transformation of the above form where, however, det A = −1.
A covering of a set D is a system of closed polytopes that cover the set D and whose interiors do not intersect. We restrict ourselves only to coverings with polytopes because each covering of the space with convex sets is a covering with polytopes, Theorem 1, Ch. 3.5 [3] .
A covering is a face to face covering if the intersection of each pair of polytopes is either empty or a face (possibly of lower dimension) of both the polytopes. We say that two polytopes are neighbours if they have a common face.
We say that a face to face covering of the set D is an R-covering (generated by a polytope P 1 ) if
where T i is a movement or a movement with reflection, and for every pair of neighbouring polytopes P i and P j , the relation P i = T P j holds, where T is a movement with reflection letting the common face pointwise invariant (i.e. we have the common symmetry of P i and P j ).
The transformations T i are not uniquely determined. We can, e.g., transform the triangle (0, 0), (1, 0), (0, 1) to the triangle (1, 1), (1, 0), (0, 1) either by T 1 with 
